The hot-electron effect in the spin relaxation in n-type Germanium is investigated by the kinetic spin Bloch equations both analytically and numerically. It is shown that when the electric field is weak (E 50 V/cm), our calculations agree fairly well with the recent transport experiment in the spin-injection configuration [Phys. Rev. Lett. 111, 257204 (2013)]. This can explain the marked discrepancy between the experimental observation and the previous theoretical calculation [ Phys. Rev. B 86, 085202 (2012)]. We reveal that the significant enhancement of the spin relaxation at low temperature in the presence of weak electric field originates from the obvious center-of-mass drift effect due to the weak electron-phonon interaction, whereas the hot-electron effect is demonstrated to be unimportant. It is further shown that when the electric field is relatively strong with 0.5 E 2 kV/cm, the spin relaxation is enhanced due to the hot-electron effect, whereas the drift effect is demonstrated to be marginal. Anomalously, we find that the impurity scattering can significantly suppress the spin relaxation in the presence of the electric field, which is a complete contrast to the Elliott-Yafet mechanism, in which the spin relaxation time is proportional to the momentum scattering. It is revealed that the contribution of the spin-flip process due to the electron-impurity scattering to the spin relaxation is marginal, and the suppression of the spin relaxation arises from the suppression of the hot-electron effect by the electron-impurity scattering. Finally, we show that when 1.4 E 2 kV/cm, a small fraction of electrons ( 5%) can be driven from the L to Γ valley, and the spin relaxation rates are the same for the Γ and L valleys in the impurity-free situation. With the negligible influence of the spin dynamics in the Γ valley to the whole system, the spin dynamics in the L valley can be measured from the Γ valley by the standard direct optical transition method.
I. INTRODUCTION
Recently, growing attention has been paid to the electron spin dynamics in Germanium (Ge) due to the series of experiments including both the electrical [1] [2] [3] [4] [5] [6] [7] [8] and optical measurements. [9] [10] [11] [12] [13] [14] These experimental progresses pave the way to utilize the excellent property of Ge in the spintronic application. 3, 5, 12, [15] [16] [17] [18] [19] [20] [21] [22] In Ge, due to the lack of the inversion asymmetry, the D'yaknov-Perel' (DP) mechanism 23 is absent. Moreover, the hyperfine interaction with the nuclei can be suppressed by the isotopic purification. 24, 25 Therefore, its spin relaxation time (SRT) is expected to be very long. 3, 5, 12, [15] [16] [17] [18] [19] [20] [21] [22] Furthermore, with the mature nanoelectronic fabrication technology of the Group IV semiconductors, Ge is promising for the design and development of spintronic devices.
The electrical methods with the application of electric and/or magnetic fields include the three-or fourterminal Hanle configuration [1] [2] [3] [4] [5] [6] [7] and the spin-injection configuration. 8 In the three-or four-terminal Hanle configuration, the typical SRTs measured are in the order of nanoseconds at low temperature and tens of picoseconds at high temperature. [1] [2] [3] [4] [5] [6] [7] In the spin-injection configuration, based on the magnetic-field-induced spin relaxation channel arising from the anisotropy of the g-factor of different L-valleys, Li et al. have measured the SRT by means of the spin transport under a magnetic field in the order of 100 Gauss. 8 The SRT was measured to be in the order of several hundreds of nanoseconds at low temperature around 50 K. 8 Moreover, sensitive electric field dependence at weak electric fields ( 50 V/cm) was observed, which was speculated to be the hot-electron effect. 8 It is noted that the SRTs measured in the spininjection configuration are one to two orders of magnitude larger than thoses from the three-or four-terminal Hanle configuration. With the electrodes attached to the surface of the sample in the three-or four-terminal Hanle configuration, it was speculated that the presence of interfaces and surface roughness could have much influence on the intrinsic spin relaxation. [2] [3] [4] [5] [6] [26] [27] [28] [29] For the optical measurements, with the optical injection, several methods have been developed and applied in Ge to determine the electron SRT.
9-14 Guite et al. have developed a novel method based on the sensitively tuned radio-frequency coil to measure the temporal evolution of the magnetization arising from the optical-injected spin polarization in Ge directly under the magnetic field (up to 80 Gauss). 9 The temperature dependence of the electron SRT was measured to decrease from ∼5 ns to ∼2 ns from 100 K to 180 K. 9 Furthermore, in the work of Lohrentz et al., 14 by means of the resonant spin amplification method, the electron SRT exceeding 65 ns at 60 K was measured. Moreover, a peak for the SRT appeared in the temperature dependence, which was speculated to be the influence of the electron-impurity scattering. It is noted that the SRTs measured from the optical measurements 9, 14 are in the same order as those from the electric method in the spin-injection configuration. 8 Meanwhile, the theoretical studies for the electron spin dynamics in Ge are in progress. 19, 21, 22 With the establishment of the electron-phonon interaction in the Lvalley by the group method, the SRT for the spin relaxation due to the electron-phonon scattering in the framework of the Elliott-Yafet (EY) mechanism 30, 31 has been calculated in the non-degenerate limit. 19, 21 It has been found that the main spin relaxation source in Ge comes from the inter-L valley electron-phonon interaction.
19,21
However, up to now, there still exists marked discrepancy between the experimental observation and the theoretical calculation, especially at low temperature at which the theoretical calculations are two to three orders of magnitude larger than the experimental observations. [7] [8] [9] 14 This was speculated to be the hot-electron effect in the transport experiment 8 or the absence of the electronimpurity scattering in the calculation.
9,14 Therefore, a full investigation on the hot-electron effect in the spin relaxation with the inclusion of the electron-impurity scattering is needed. Moreover, although the hot-electron effect has been well studied in the charge transport experiment in Ge, 32, 33 its influence on the spin relaxation has not yet been revealed. In the charge transport experiment, it has been revealed that due to the weak electronphonon interaction in Ge, the hot-electron effect can be easily achieved especially at low temperature. 32, 33 This feature indicates that the electric field can influence the behavior of spin relaxation easily due to the hot-electron effect.
In this work, we study the hot-electron effect in the spin relaxation in n-type Ge by the kinetic spin Bloch equations (KSBEs) 34-37 both analytically and numerically. When the electric field is weak, we compare our calculations with the recent transport experiment in the spin-injection configuration with weak electric field.
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Good agreements with the experimental data are obtained. It is found that due to the weak electron-phonon interaction, 32, 33 at low temperature, even small electric fields ( 50 V/cm) 8 can cause obvious center-of-mass drift effect and hence significantly enhance the spin relaxation, whereas the hot-electron effect is demonstrated to be unimportant. When the electric field is relatively strong (0.5 E 2 kV/cm), we find that the SRT decreases with the increase of the electric field because of the increase of the hot-electron temperature and hence the enhancement of the electron-phonon scattering, whereas the drift effect is shown to be marginal. Anomalously, we find that the impurity scattering can suppress the spin relaxation in Ge in the presence of the electric field, which is a complete contrast to the EY mechanism, in which the SRT is proportional to the momentum scattering. 30, 31 It is revealed that the spin relaxation due to the electron-impurity scattering is marginal, and the suppression of the spin relaxation arises from the suppression of the hot-electron effect by the electronimpurity scattering and hence the electron-phonon scattering. Finally, with the intra-Γ and intra-L-Γ electronphonon interactions established by Liu et al.,
38 the influence of the Γ valley to the spin relaxation in the presence of the electric field is revealed. We find that within the strength of the electric fields we study, only a small fraction ( 5%) of the electron can be driven from the L valley to the Γ valley. Therefore, the influence of the electron spin dynamics in the Γ valley to the whole system is marginal. We further reveal that in the impurity-free situation, the spin relaxation rates are the same for the Γ and L valleys, and hence the spin dynamics in the L valley can be measured from the Γ valley by the direct optical transition method. This paper is organized as follows. In Sec. II, we set up the model and the KSBEs. In Sec. III, we present the main results obtained from the KSBEs both analytically and numerically. The calculated results under the weak electric field are compared with the experimental data (Sec. III A). Then, under the relatively strong electric field, the influences of the hot-electron effect on the spin relaxation are presented (Sec. III B). We summarize in Sec. IV.
II. MODEL AND KSBES
We start our investigation of the electron spin relaxation in n-type Ge, where the four lowest valleys in the conduction band are located at the L points [ 21 and m * Γ = 0.038m 0 (m l = m t = 0.038m 0 ), 39 respectively, with m 0 representing the free electron mass. In our investigation with the electric field E 2 kV/cm, we do not consider the X valley as the fraction of the electron in these valleys are negligible.
The KSBEs derived via the nonequilibrium Green function method with the generalized Kadanoff-Baym Ansatz read [34] [35] [36] [37] 40 
in which ρ λk λ is the density matrix of electrons with momentum k λ in the λ valley. Here, k λ is defined in reference to the valley center in the valley coordinate, whosê z-axis is along the valley axis. 21, 38 The diagonal term ρ λk λ ,σσ ≡ f λk λ ,σ (σ = ±1/2) describes the distribution of electrons in each spin band, and the off-diagonal term ρ λk λ ,
represents the coherence between the two spin bands.
In the KSBEs, the drift term is given by
with e < 0. ∂ t ρ λk λ | scat stands for the scattering term, which includes the electron-phonon (ep), electronimpurity (ei) and electron-electron (ee) Coulomb scatterings:
Explicit forms of these scattering terms are shown in Appendix A.
The initial conditions at time t = 0 are prepared as follows. We turn on the electric field at t = −t 0 , where the system is in the equilibrium, and the density matrix are expressed as
with µ being the chemical potential for the electron at temperature T . The system is driven to the steady state before t = 0. Then at time t = 0, the chemical potential is modified to obtain the spin-polarized state with the spin polarization
is the electron density of spin-up (-down) state. When t ≥ 0, the system relaxes from the spin-polarized state with the spin polarization
/n e solved by the KSBEs. Here, n e = λ,k λ Tr[ρ λk λ (t)] is the electron density.
III. RESULTS

A. Analytical results
Before performing the full numerical calculation by solving the KSBEs, we first investigate the spin relaxation analytically with the drift effect and hot-electron effect explicitly included. It has been demonstrated that at relatively high temperature, the dominant spin relaxation channel in Ge arises from the inter-L valley electronphonon interaction, in which the momentum dependencies of the matrix elements for the electron-phonon interaction and the phonon energy are negligible.
21
For the electron-phonon interaction, the matrix elements can be generally constructed in this form,
including both the spin-conserving and spin-flip parts for the interaction of electrons with the γ-branch phonon, whereÎ and σ are 2×2 unit and Pauli matrices. The SRT due to the inter-L valley electron-phonon interaction can be directly deduced from the scattering term [Eq. (A1)] in the KSBEs ( ≡ 1 throughout this paper)
in which, V and d are the volume and density of the crystal, respectively; γ labels the associated phonon branches in the X point connecting the two L valleys, including X 1a , X 1b , X 4a and X 4b phonons;
is the Bose distribution of phonons with energy
is the drifted Fermi distribution function of the electron in the steady state, which reads as
with v λ being the steady-state drift velocity of λ valley and T e standing for the hot-electron temperature. In Eq. (8), v λ is numerically obtained from the steady-state
and T e is obtained by fitting the Boltzmann tail of the numerically calculated steady-state electron distribution of each valley from the KSBEs.
When the electric field is weak with the condition
satisfied, we expand the steady-state distribution function to the order of v 2 λ . Accordingly, in the small spin polarization and non-degenerate limit, the SRT due to the inter-L valley electron-phonon interaction [Eq. (7)] can be obtained
In Eqs. (9) and (10), for the inter-L valley scattering with
, the momentum dependencies of the matrix elements for the electron-phonon interaction and the phonon energy are negligible, 21 and hence their labels of momentum are omitted. β = 1/(k B T ) with T being the lattice temperature. A γ = 16 (A γ = 8) for X 1a and X 1b (X 4a and X 4b ) phonons.
21 K 1 (x/2) and U (−0.5, −2, x) are the modified Bessel function of the second kind and Tricomi's confluent hypergeometric function, respectively.
It is noted that our results in Eqs. (9) and (10) . 1) .
From the analytical results, the effect of the drift and hot-electron effects in the spin relaxation under the weak electric field can be obtained. First of all, it can be shown that the drift effect can enhance the spin relaxation with
2 always larger than zero. However, under the weak electric field, with F (x) decreasing from 1/6 monotonically to 0 when x increases from 0, it shows that the influence of the drift effect due to the electric field to the spin relaxation is marginal when
In this situation, the electron SRT in the presence of the electric field can be approximately obtained from Eq. (10), and hence the hot-electron effect has dominant influence on the spin relaxation. When the hot-electron temperature increases, √ β e decreases slowly, K 1 β e Ω γ /2 increases rapidly and cosh (β − β e )Ω γ /2 increases slowly. Hence, the SRT decreases with the increase of the hot-electron temperature. It can also be obtained that when the lattice temperature increases, [sinh(βΩ γ /2)] −1 increases and cosh (β − β e )Ω γ /2 (when β e β) and √ β e decrease slowly. Hence, the SRTs decreases with the increase of the lattice temperature.
B. Numerical results
In this section, we present our results obtained by numerically solving the KSBEs following the scheme laid out in Refs. [43] [44] [45] . All parameters including the material parameters, band structure and phonon parameters used in our computation are listed in Table I .
Before the full numerical investigation, we first divide the spin relaxation in n-type Ge in the presence of the electric field into three regimes according to the hotelectron temperature: (1) when E 1.4 kV/cm, only the L valley is relevant for the spin relaxation; (2) when 1.4 E 2 kV/cm, the Γ valley becomes relevant; (3) when E 2 kV/cm, the X valley becomes relevant. The boundaries between different regimes are shown in Fig. 1 , where the electric field dependence of the hotelectron temperature for electrons in the L valley at different temperatures (T =150 and 300 K) is presented (the Fig. 1 , respectively. In this work, we study the spin relaxation in the presence of the electric field E up to 2 kV/cm under which the L and Γ valleys are relevant.
Spin relaxation under weak electric field: comparison with experiments
As mentioned in the introduction, the experiments on the electron spin relaxation in n-type Ge have been carried out recently by several methods including both the electrical 1-8 and optical ones. [9] [10] [11] [12] [13] [14] Up to now, there still exists marked discrepancy between the experimental observations and the theoretical calculations. [8] [9] [10] [11] [12] [13] [14] 19, 21, 22 This motivates us to carry out the full calculations including the electron-phonon, electron-impurity and electron-electron Coulomb scatterings in the presence of the electric field. The results in the presence of the weak electric field (E 50 V/cm) are summarized in Fig. 2 . In Fig. 2 , when electric field E = 0 and the electron density n i = n e , it can be seen that the SRTs with (the red solid curve with squares) and without (the blue dashed curve with circles) the electron-impurity scattering coincide with each other. Therefore, the influence of the electron-impurity scattering to the spin relaxation in the L valley is marginal. Moreover, the numerical results with all the scatterings (shown by the red solid curve with squares) are consistent with the analytical results calculated from Eq. (10) by setting T e = T (the orange dashed curve with crosses), in which only the inter-L valley scattering is included. This shows that the inter-L valley scattering is dominant for the spin relaxation. 8 The result calculated according to Eq. (10) in Ref. 21 by Li et al. is also plotted by the cyan dotted curve, showing marked discrepancy compared with the full numerical result. Furthermore, it can be seen that the SRT decreases monotonically with the increase of the temperature. This is because with the increase of the temperature, the electron-phonon scattering is enhanced, which enhances the spin relaxation due to the EY mechanism.
30,31
When a weak electric field ( 50 V/cm) is applied, in open circles for 50 V/cm). 8 In these experiments, 8, 9, 13, 14 the electrons are in the non-degenerate condition, in which the spin relaxation rates are insensitive to the electron density. 21, 34 Accordingly, without knowing the exact value of the electron density from the experiments, we choose the typical value of the electron density to be n e = 5 × 10 17 cm −3 according to Ref. 13 (with the Fermi temperature T F ≈ 45 K). Moreover, in the experiment of Li et al., 8 the samples are nominally undoped, and the exact value of the impurity density is not known. In our numerical computation, we use the impurity density n i = 0.05n e to fit the experiment (Ref. 8) . It is shown that the numerical results (the green, brown and black dot-dashed curves represent the SRTs calculated numerically in the presence of the electric field E ≈10, 30 and 50 V/cm, respectively) agree with the experimental observations fairly well. Moreover, we further find that with the weak electric field (E 50 V/cm), the electron temperature equals to the lattice one approximately, i.e., T e ≈ T , whereas 1 be-tween 40 and 60 K when E ≈ 50 V/cm. This shows that the hot-electron effect for the system in the presence of the weak electric field at low temperature is marginal, whereas the drift effect is obvious. Therefore, this significant enhancement of the spin relaxation in the presence of the weak electric field at low temperature arises from the drift effect rather than the hot-electron effect.
One using the optical methods lie also in the same order as those in the work of Li et al., 8 which have been understood from the drift effect induced by the weak electric field. However, these optical observations deviate from our calculations at E=0. It is noted that in the optical experiments, the electrons are first optically injected to the Γ valley, which are then scattered to the L and X valleys through the inter-valley electron-phonon scattering.
9-14 Accordingly, with the weak intra-valley electron-phonon scattering, 32,33,38 the cooling process is suppressed, and hence the hot-electron effect can arise easily.
13 Therefore, the enhancement of the spin relaxation in the optical experiments may arise from the hotelectron effect, which has been discussed in GaAs.
43,47,48
2. Hot-electron effect on the spin relaxation under relatively strong electric field
In the presence of the relatively strong electric field (0.5 E 2 kV/cm), we first study the electric field dependence of the electron spin relaxation in Ge at different temperatures T =150 and 400 K both numerically and analytically. In Fig. 3 , the SRTs for the electrons in both the L (the red solid curves) and Γ (the blue dashed curves) valleys are plotted against the electric field, which is extended to 3 kV/cm, in the impurity-free situation.
In Fig. 3 , it can be seen that for both temperatures T = 150 and 400 K, the SRTs in the L valley (the red solid curves) decrease monotonically with the increase of the electric field. It is noted that in Fig. 1 , we have presented the electric field dependencies of the hot-electron temperature and the steady-state drift velocity, which increase with increasing electric field. From the analytical results in Sec. III A, both the drift and hot-electron effects can enhance the spin relaxation. Their contribution to the spin relaxation can be distinguished by using Eqs. (9) and (10) . With the numerical values of the hot-electron temperature and the steady-state drift velocity (Fig. 1) , the analytical results with (the green solid curves) and without (the black dashed curves by setting v λ = 0) the drift effect are calculated. It is shown that the two curves coincide with each other at both 150 and 400 K, which are both consistent with the numerical ones. Therefore, the influence of the drift effect to the spin relaxation at high temperature (T 150 K) is marginal. One concludes that the enhancement of the spin relaxation mainly originates from the hot-electron effect, where the increase of the hot-electron tempera- (9) and (10) with the hot-electron temperature and the steady-state drift velocity numerically calculated by the KSBEs, are shown by the green solid (with the drift effect) and black dashed (without the drift effect) curves.
ture enhances the electron-phonon interaction.
It has also been shown in Fig. 1 that at relatively large electric field, the Γ (E 1.4 kV/cm) and X valleys (E 2 kV/cm) become relevant. Therefore, in our study, we include the Γ valley explicitly, and reveal its influence to the spin relaxation. It is shown in Fig. 3 that at both 150 and 400 K, the SRTs in the L valley with (the red solid curves) and without (the orange dashed curves) the Γ valley are almost the same, especially at low electric field. This is because in the range of the electric field, the fractions of the electrons driven from the L to Γ valley are small ( 5%), and hence the Γ valley plays a marginal role in the spin relaxation of the whole system. Moreover, the numerical results show that the SRTs in the L (the red solid curves) and Γ (the blue dashed curves) valleys are almost the same. This arises from the strong inter-L-Γ valley electron-phonon interaction and hence the frequent exchange of electrons between the L and Γ valleys. 44, 45 Accordingly, the spin dynamics in the L valley in the presence of the electric field in the impurity-free situation can be measured from the Γ valley by the standard optical method.
49-53
We then study the influence of the electron-impurity scattering on the spin relaxation in the presence of a relatively strong electric field E = 1 kV/cm at T = 150 K. In Fig. 4 , the SRTs in the L (the blue solid curve with squares) and Γ (the blue solid curve with circles) valleys are plotted against the impurity density from 0 to 3n e . In Sec. III B 1, it has been shown that when the electric field is not applied, the influence of the electron-impurity scattering on the spin relaxation is marginal. However, as shown in Fig. 4 , the electron SRT in the L valley increases monotonically with the increase of the impurity density. By arbitrarily removing the spin-flip part of the electron-impurity scattering, one also observes that the SRTs in the L valley is not influenced, as shown by the orange dashed curve with crosses. By further noticing that this marked feature arises when the system is driven by the electric field, where the hot-electron effect is demonstrated to have important effect on the spin relaxation, this phenomenon can be understood from the influence of the electron-impurity scattering on the hot-electron effect. 42, [54] [55] [56] In Fig. 4 , the hot-electron temperature is also plotted against the impurity density, as shown by the red solid curve with upward triangles. One finds that the hot-electron temperature decreases with the increase of the impurity density. This is understood from that when the impurity density increases, the mobility µ due to the electron-impurity scattering decreases, and hence the energy-gain rate due to the electric field η = en e µE 2 ∝ µ decreases. With the decrease of the hot-electron temperature, from Eq. (10), the spin relaxation due to the electron-phonon interaction is suppressed, leading to the increase of the SRT with the increase of the impurity density. Finally, we address the new features for the spin relaxation behavior of the Γ valley when there exists impurities. One observes that in Fig. 4 , when there exist impurities, the SRTs for Γ valleys are not the same as those in the L valley. This can be understood from the fact that when there exist impurities, the hot-electron effect is significantly suppressed, and hence the exchange of electrons between the L and Γ valleys is not efficient. Accordingly, apart from the spin dynamics in the L valley, the spin relaxation in the Γ valley is also influenced by the following three channels: the intra-Γ electron-phonon, the inter-Γ-L electron-phonon and the electron-impurity scatterings. For the intra-Γ (inter-Γ-L) electron-phonon interaction, with the spin-flip part of the matrix elements being proportional to k 3 (k 0 ), 38 our calculations show that the SRTs are two orders of magnitude larger than (comparable to) those due to the inter-L valley electron-phonon interaction (∝ k 0 ). 19, 21, 38 For the electron-impurity scattering in the Γ valley, by arbitrarily removing the spin-flip part of the electron-impurity scattering, the SRTs in the Γ valley are enhanced, as shown by the blue dashed curve with circles in Fig. 4 . Therefore, very different from the situation in the L valley, the spin-flip part of the electron-impurity scattering has marked contribution to the spin relaxation in the Γ valley.
IV. SUMMARY
In summary, we have investigated the hot-electron effect in the spin relaxation in n-type Ge by the KSBEs both analytically and numerically. 34 We first compare our calculations with the recent transport experiment by Li et al. 8 in the spin-injection configuration when the electric field is weak ( 50 V/cm). Our calculations agree with the experimental data fairly well, and hence can explain the marked discrepancy between the experiment of Li et al. 8 and the previous theoretical calculations. [7] [8] [9] 14 It is revealed that at low temperature, even small electric fields ( 50 V/cm) 8 can cause obvious center-of-mass drift effect due to the weak electron-phonon interaction in Ge. 32, 33 This can significantly enhance the spin relaxation, whereas the hot-electron effect is demonstrated to be unimportant.
We then study the spin relaxation when the electric field is relatively strong (0.5 E 2 kV/cm), under which the Γ valley becomes relevant. The electric field and the impurity density dependencies of the spin relaxation are studied. In the electric field dependence, we find that the SRT decreases with the increase of the electric field. This is because with the increase of the electric field, the hot-electron temperature increases, and hence the electron-phonon scattering is enhanced. Therefore, in the presence of the relatively strong electric field, the hot-electron effect has marked influence on the spin relaxation, whereas the drift effect is shown to be marginal. In the impurity density dependence, it is unexpected to find that the impurity scattering can significantly sup-press the spin relaxation in Ge in the presence of the electric field, which is a complete contrast to the EY mechanism, in which the SRT is proportional to the momentum scattering. 30, 31 It is revealed that the contribution of EY mechanism due to the electron-impurity scattering to the spin relaxation is marginal. We find that the suppression of the spin relaxation here arises from the suppression of the hot-electron effect by the electron-impurity scattering and hence the electron-phonon scattering.
Finally, we further study the influence of the Γ valley on the spin relaxation in the presence of the electric field. We find that within the strength of the electric fields we study (E 2 kV/cm), only a small fraction ( 5%) of the electron can be driven from the L valley to the Γ valley. Therefore, the influence of the electron spin dynamics in the Γ valley to the whole system is marginal. Nevertheless, we find that in the impurity-free situation, the spin relaxation rates are the same for the Γ and L valleys, and hence the spin dynamics in the L valley can be measured from the Γ valley by the standard optical methods. The scattering terms for the electron-phonon, electronimpurity and electron-electron scatterings are shown as,
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(A2)
Here, ρ < k = ρ k and ρ
In Eq. (A1), for the intra-Γ valley electron-phonon scattering (λ=λ ′ =Γ), the phonon branches include TA 1 , TA 2 , LA, TO 1 , TO 2 , and LO phonons, where the electron-phonon scattering with the k 0 -order is forbidden [for the spin-conserving (spin-flip) scattering, the matrix elements are proportional to k (k 3 )]. 38 For the intra-L valley scattering (λ=λ ′ =L), the phonon branches include TO 1 , TO 2 , and LO phonons, and especially for the spin-flip scattering, the matrix elements are proportional to k 3 , which are neglected in our study when the inter-L valley scattering is dominant for spin relaxation. 21, 38 For the inter-Γ-L valley scattering, the phonon branches include L 1 , L 3 , L 2 ′ , and L 3 ′ phonons, where the electron-phonon interactions with k 0 -order exist for both the spin-conserving and spin-flip scatterings. 38 For the inter-L valley electronphonon scattering, the phonon branches include X 1 and X 4 phonons, where the electron-phonon interactions with k 0 -order also exist for both the spin-conserving and spinflip scatterings, 21, 38 and especially we add the electronphonon scattering with the k-order.
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In Eqs. (A2) and (A3), n i is the impurity density and Z i = 1 is the charge number of the impurity; V q is the screened Coulomb potential under the random phase approximation. 34, [43] [44] [45] The spin mixingΛ λk λ ,λ ′ k ′
. The matrix
for the Γ and L valleys can be found in the 14 × 14 k · p Hamiltonian 39 and 16 × 16 one, 38 whose explicit forms are shown as follows. For the Γ valley,
where P z = P k z , P ± = P k ± = P (k x ± k y ) with E P = (2/m 0 )P 2 = 26.3 eV, E g = 0.898 eV and ∆ = 0.297 eV. 39 For the L valley,
S
(1)
where
